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In frustrated magnetism, making a stringent connection between microscopic spin models and macroscopic
properties of spin liquids remains an important challenge. A recent step towards this goal has been the develop-
ment of the pseudofermion functional renormalization group approach (pf-FRG) which, building on a fermionic
parton construction, enables the numerical detection of the onset of spin liquid states as temperature is lowered.
In this work, focusing on the SU(N ) Heisenberg model at largeN , we extend this approach in a way that allows
us to directly enter the low-temperature spin liquid phase, and to probe its character. Our approach proceeds
in momentum space, making it possible to keep the truncation minimalistic, while also avoiding the bias intro-
duced by an explicit decoupling of the fermionic parton interactions into a given channel. We benchmark our
findings against exact mean-field results in the large-N limit, and show that even without prior knowledge the
pf-FRG approach identifies the correct mean-field decoupling channel. On a technical level, we introduce an
alternative finite temperature regularization scheme that is necessitated to access the spin liquid ordered phase.
In a companion paper [1] we present a different set of modifications of the pf-FRG scheme that allow us to
study SU(N ) Heisenberg models (using a real-space RG approach) for arbitrary values of N , albeit only up to
the phase transition towards spin liquid physics.
I. INTRODUCTION
In the field of quantum magnetism, the Heisenberg model
has long served as one of the most elementary microscopic
frameworks to capture a wide range of magnetic phenomena.
Of particular interest are Heisenberg antiferromagnets that
easily experience frustration effects by competing exchange
interactions or geometric constraints which inhibit the forma-
tion of a conventional Ne´el ordered ground state. Instead,
quantum spin liquids2,3 (QSLs) can form – collective quantum
states, in which the elementary magnetic moments do not or-
der and and remain strongly fluctuating, albeit in a correlated
manner4–6. QSLs have caught the imagination of condensed
matter physicists ever since their theoretical inception2 some
four decades ago, though it has long remained hard to unam-
biguously identify these elusive states in candidate materials3
or microscopic model systems. Today, a quantum spin liquid
state is best characterized and positively discriminated from
more conventionally ordered ground states by (i) the forma-
tion of macroscopic entanglement7,8 and (ii) the simultane-
ous emergence of fractionalized degrees of freedom and gauge
fields9.
The connection between a particular spin liquid state and
its parent spin Hamiltonian is still fragile, and it remains an
open challenge to derive the above characteristic macroscopic
phenomena related to spin liquid physics directly from mi-
croscopic Heisenberg spin models. To overcome this obsta-
cle, one would like to explore the properties of candidate
spin systems starting from their microscopic description over
all length scales down to the very long-wavelength physics,
where spin liquid behavior is presumed to occur. A natu-
ral framework for such a description is provided by renor-
malization group (RG) methods, where the low-energy phe-
nomenology is systematically approached upon successively
integrating out short-wavelength fluctuations by lowering the
RG momentum scale Λ. Specifically for spin models, a pseud-
ofermion functional renormalization group10 (pf-FRG) has
been developed, that applies the established functional renor-
malization group11 approach to fermion systems12,13 on the
level of auxiliary (pseudo) fermions introduced in a spin de-
composition (or parton construction). This purely fermionic
RG approach treats all interaction channels on equal foot-
ing, and therefore avoids a bias which is introduced, for in-
stance, by choosing a specific mean-field decoupling. The
applications of this pf-FRG approach have provided indica-
tions for spin-liquid states in a number of frustrated quantum
magnets10,14–24. However, the evidence for spin liquid physics
in the pf-FRG approach is typically an indirect one – such as
the absence of a singularity in the RG flow of the spin suscep-
tibility (which would otherwise indicate the onset of magnetic
ordering). An unambiguous, positive identification of spin liq-
uid physics as well as a detailed characterization of a putative
spin liquid ground state has so far remained elusive within the
pf-FRG approach. The reason for this is twofold:
(1) A number of spin liquids are not characterized by an or-
der parameter that is bilinear in the fermion fields, and as such
do not exhibit an obvious ordering transition. Instead their na-
ture reveals itself in fermionic four-point correlation functions
and their momentum structures, which however remain subtle
and hard to detect. Examples of such spin liquids are gapless
quantum spin liquids with spinon Fermi surfaces25–28, Majo-
rana Fermi surfaces29,30, or Bose metals31.
(2) Bilinearly ordered spin liquids, in contrast, are bound
to exhibit a divergence in the fermion four-point function at
some finite RG scale Λdiv as discussed in a companion paper1
of this manuscript. While the divergence itself indicates the
onset of a new phase, it inhibits an analysis of the RG flow for
scales Λ < Λdiv and as such a more detailed characterization
of the emergent spin liquid.
A common way to circumvent the second problem is to
introduce an order parameter field by means of a Hubbard-
Stratonovich transformation (bosonization) and include its
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2correlation functions into the RG analysis. While this ap-
proach works very well if the structure of the order param-
eter is known32, it introduces a questionable bias if this is not
the case. Since spin liquid order parameters can be rather un-
conventional and often vary only from one another by subtle
changes in their symmetry structure, it is much more desirable
to have a computational framework that distills this subtle in-
formation in the RG flow than vice versa (probing potential
order parameters). As such the plain Hubbard-Stratonovich
strategy cannot be faithfully applied in the context of spin liq-
uid physics.
In this manuscript, we will proceed to describe precisely
such an unbiased computational approach and implement a
pf-FRG scheme that allows to positively identify and charac-
terize spin liquid physics in SU(N ) Heisenberg models. To
do so, we adapt an approach first applied in the context of
fermionic FRG calculations33 and introduce an infinitesimal
symmetry breaking initial condition. The explicit symmetry
breaking regularizes the divergence of the fermion correlation
function if it addresses the correct symmetry pattern and thus
allows to compute infrared observables for scales Λ < Λdiv.
Conversely, if the chosen infinitesimal symmetry breaking
term was not correct, it will remain infinitesimal throughout
the entire flow. As such, our novel approach allows us to unite
the advantages of both, the fermionic and bosonized strategies
outlined above.
Overview of results
The main result of the manuscript at hand is an extension
of the pseudofermion functional renormalization group10 (pf-
FRG) formalism to SU(N ) Heisenberg models, for which we
demonstrate that, for the first time, we can run the RG flow
deep into spin liquid phases. Example results for the spin-1/2
SU(N ) Heisenberg antiferromagnet on the square lattice sub-
stantiate the applicability of this extended pf-FRG framework
and make contact to exact results in the N →∞ limit.
So far, it has remained elusive to directly access the spin liq-
uid phase within the pf-FRG framework, which in its original
real-space formulation (adapted to SU(N ) Heisenberg models
in a companion manuscript1) is valid only up to the onset of
ordering (either in the magnetic or spin liquid sector) where
the flow of the RG equations is rendered invalid by a diver-
gence of the fermionic four-point function. Here, we devise a
simplified truncation scheme that analytically reproduces this
behavior in terms of a single running coupling in momentum
space. To expand the validity of the pf-FRG description deep
into the spin liquid phase, we introduce a small explicit sym-
metry breaking term in the ordering channel that allows to
effectively regularize the divergence. Essential information
about zero temperature observables, such as the gap and mag-
netic susceptibility, is then obtained from the solution of only
two RG equations. Furthermore, we exhibit the absence of
long-range magnetic ordering by showing that magnetic order
parameters neither grow nor regularize the divergence. The
bias introduced by this procedure is thus under systematic
control. As opposed to the Hubbard-Stratonovich approach,
no fluctuating boson field is introduced, and the description
of the system is entirely in terms of fermionic fields and their
fluctuations. We show explicitly that this implies a positive
discrimination between possible ordering channels, since an
inappropriate choice of the symmetry breaking pattern does
not regularize the fermionic divergence and thus predicts its
own unsuitability.
In previous pf-FRG approaches, a cutoff scheme has been
proposed, where temperature and running scale parameter
could be identified with each other via a simple linear relation.
Here we show that this relation breaks down inside the ordered
phase. Instead we propose to access the finite temperature
regime by an alternative cutoff scheme. By this procedure,
we are able to exactly reproduce mean-field observables for
any given temperature. The application of this cutoff scheme
furthermore opens up a strategy to exactly implement fermion
number constraints by means of Popov-Fedotov chemical po-
tentials.
The discussion of our results in the remainder of this
manuscript is structured as follows. In Sec. II, we introduce
the staggered flux spin liquid, a well-understood and simple
model system that will be used to benchmark our pf-FRG ex-
tension. Sec. III introduces a pf-FRG approach in momentum-
space tailored for simplicity and quick analysis of symmetry
breaking patterns. It is then benchmarked in the symmet-
ric regime. In Sec. IV, the symmetry broken regime is ac-
cessed within a zero-temperature formalism, which already
partially reproduces the results from Sec. II. Furthermore, the
unbiasedness of the method is demonstrated by analyzing a
different symmetry breaking pattern. As a limitation of this
T = 0 approach, we exhibit that the linear relation between
the RG scale parameter and physical temperature breaks down
inside of the spin liquid phase. Therefore, finite tempera-
ture observables cannot be extracted reliably. To overcome
this limitation, Sec. V then addresses the problem of finite-
temperature observables inside the symmetry broken regime
by implementing a finite-temperature cutoff scheme. Finally,
we demonstrate how the fermion number constraint, that pro-
vides the relation to the original spin model, is implemented
exactly within our pf-FRG scheme by means of the Popov-
Fedotov method. Conclusions are finally drawn in Sec. VI,
followed by some appendices providing details of the compu-
tations.
II. MODEL SYSTEM: STAGGERED-FLUX SPIN LIQUID
To establish controlled access to spin liquid phases by
means of pf-FRG, we study a well-understood realization of
the Heisenberg model. Here, we introduce our model and
briefly recapitulate known results34,35. Our starting point is the
Hamilton operator of the nearest-neighbor SU(N )-symmetric
Heisenberg model on the two-dimensional square lattice
H = J
N
∑
〈ij〉
Si · Sj (1)
where the components Sµi of the SU(N ) spin operators Si
carry the site indices i, j and µ ∈ {1, ..., N2 − 1}. The spins
3interact via the antiferromagnetic exchange coupling J > 0.
For a concrete calculation, a symmetry group and repre-
sentation for the spin operators Sµi must be chosen. The
generic SU(2) group in its fundamental representation is
known to exhibit a (classical) antiferromagnetically ordered
ground state at vanishing temperature36. Several different
symmetry groups and representations have been investigated
in the past37–39 in order to suppress and enhance different
types of fluctuations, eventually leading to different ground
states as well. For SU(N) spins in their fundamental spin- 12
representation, it was found that the classical antiferromag-
net can give way to a “staggered flux spin liquid” phase34 for
N → ∞. In fact, this result is intimately tied to a representa-
tion of the spin operators by Abrikosov pseudofermions40
Sµi = f
†
iαT
µ
αβfiβ , f
†
iαfiα =
N
2
, (2)
with Tµ being the N -dimensional representation of the gen-
erators. Summation over equal spin indices is implied. The
number constraint in Eq. (2) ensures that the Hilbert space of
the pseudofermions is not enlarged w.r.t the one of the original
spin operators.
The partition function of the model can now be written as
Z = ∫ D[f, λ] exp{−S[f ] + Sc[λ]} with the action
S[f ] =
∫
τ
[∑
i
f†iαf˙iα −
J
N
∑
〈ij〉
f†iαfjαf
†
jβfiβ
]
, (3)
where
∫
τ
:=
∫ β
0
dτ and we used commutation relations to
rearrange the pseudofermions in the four-fermion interaction
coming from the Hamiltonian in Eq. (1). Further, we defined
Sc[λ] = i
∫
τ
∑
i
λi
(
f†iαfiα −
1
2
)
, (4)
to impose the fermion number constraint, cf. Eq. (2). The
four-fermion interaction term can be decoupled by means of
a Hubbard-Stratonovich transformation, introducing the spin-
singlet site-nonlocal boson field Qij ∼ f†jαfiα. It can be seen
as an order parameter field for the local U(1) symmetry that
was introduced artificially when representing the Heisenberg
Hamiltonian in terms of the pseudofermions.
After Hubbard-Stratonovich transformation, the partition
function reads
Z =
∫
D[f,Q, λ] exp
{∫
τ
[
−
∑
i
f†iαf˙iα (5)
+
∑
〈ij〉
(N
J
Q†ijQij + (Q
†
ijf
†
jαfiα + h.c.)
)]
+ Sc[λ]
}
.
Since the action is now quadratic in the fermion fields, the
latter can be integrated out, resulting in a new action SQ and
the gap equations
δSQ
δQ†
=
δSQ
δQ
=
δSQ
δλ
= 0. (6)
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FIG. 1. Mean-field order parameter Qmf and magnetic suscepti-
bility χ as functions of temperature. For ϕ = 0 the order parameter
is slightly smaller than for ϕ = pi/2 while both solutions share the
same critical temperature Tc = J/4. The zero-temperature magnetic
susceptibility vanishes for ϕ = pi/2 whereas it exhibits a logarithmic
divergence for ϕ = 0.
While the solution for the constraint field λ = 0 can be ob-
tained straightforwardly,Q has multiple valid solutions for the
2D square lattice. It turns out that
Q†ij = Qe
iθ, Qij = Qe
−iθ with θ =
{
ϕ, eij ∼ ex
0, eij ∼ ey (7)
gives a lower free energy for ϕ = pi2 (flux phase, spin liquid)
than for ϕ = 0 (uniform “BZA” phase)41 in the symmetry
broken regime. The mean-field values for Q and the magnetic
susceptibility, which is defined as
χ =
∫ β
0
dτ dτ ′〈Szi,τSzj,τ ′〉 , (8)
are shown as functions of temperature in Fig. 1.
A couple of peculiarities should be noted about these re-
sults, which will be important for our further discussion.
Firstly, in the limit N → ∞, the mean-field gap equation
becomes exact. This is due to the fact that higher-order fluc-
tuations are suppressed42 by powers of N . As a consequence,
the Mermin-Wagner-Hohenberg theorem43,44 prohibiting true
long-range order in two spatial dimensions at finite tempera-
ture is bypassed45. Secondly, the magnetic susceptibility does
not diverge at the critical temperature whereQ > 0. This indi-
cates that it is, indeed, not the global SU(N) symmetry which
is spontaneously broken but rather the local U(1) symmetry46.
Thirdly, while the uniform solution with ϕ = 0 is energeti-
cally not preferred, it shares the same critical temperature with
the actual ground state at ϕ = pi2 . Thus, the physics of local
U(1) symmetry breaking may already be captured by the sim-
plest order parameter structure, whereas the additional break-
ing of translation invariance and the occurrence of actual spin
liquid physics is tied to the inherently nonlocal realization of
Q. Finally, the fermion number constraint is, at this level of
approximation, effectively lost since λ = 0. Technically, it is
therefore not clear whether the results, e.g., in Fig. 1 are in fact
solutions of the original spin problem from Eq. (1) or rather an
4unconstrained fermion system and whether this makes a dif-
ference physically. We will revisit this question in Sec. V B,
below.
III. MOMENTUM-SPACE FRG: SYMMETRIC REGIME
Let us now set up a pf-FRG scheme which fully incor-
porates the exact large-N results from Sec. II. Part of this
scheme has already been realized in Ref. 1, where the sym-
metric regime was investigated. The goal of this work is to
extend the pf-FRG into the symmetry broken regime by intro-
ducing symmetry breaking initial conditions. It is, of course,
also possible to implement the latter in the position space pf-
FRG scheme used in Ref. 1. Here, we do not follow this path
mainly for two reasons: Firstly, the numerical cost for even
the simplest possible realization of a spatially non-local order
parameter as required by the spin liquid description in Sec. II
is very high. Secondly, in more realistic cases, it is in general
not obvious what the particular structure of the prospective
spin liquid order parameter is. One would therefore have to
test different order parameter structures to find the physically
realized one, further increasing the cost.
We therefore strive to develop a simplified framework
which provides the opportunity to conduct comparatively
quick and cheap tests. Furthermore, such a framework pro-
vides additional analytical insight as the reduction to only a
few running couplings is bound to expose the decisive physi-
cal ingredients. To that end, we apply momentum space func-
tional renormalization group for the flowing effective average
action ΓΛ as given by the Wetterich equation11,12
∂ΛΓΛ =
1
2
∫
τ
∑
i
f†∂ΛPΛf + 1
2
STr
[
∂ΛPΛ
Γ
(2)
Λ
]
. (9)
Here, Λ is the RG scale parameter. For Λ → ΛUV, it is iden-
tical to the microscopic action given in eq. (5). For Λ → 0, it
becomes the full effective action of the model. PΛ is the free
inverse propagator, including a (multiplicative) regularization
function (see below). The FRG equation (9) itself is exact.
In order to solve it, however, we have to employ approxima-
tions. Primarily, this means a restriction of ΓΛ with respect
to the infinite number of terms which are compatible with the
symmetries of the model.
Before we implement symmetry breaking initial conditions,
we consider a symmetric version of our simplified framework
in order introduce our simplifications and check, whether re-
sults from real space pf-FRG such as the critical temperature
are reproduced correctly. Our ansatz for the effective average
action follows the action defined in Eq. (3) and in frequency-
momentum space is given by
ΓsymΛ =
∫
1∈FZ
f†1αPΛf1α −
JΛ
N
∫
1...4∈FZ
[
cos(k2,x − k3,x)
+ cos(k2,y − k3,y)
]
f†1αf2αf
†
3βf4β δ1234 , (10)
where 1...4 correspond to combined frequency and momen-
tum variables (ω1, k1), ..., (ω4, k4) and we have introduced
the shorthand notations
∫
1∈FZ :=
∫
ω1
∫
k1∈FZ for the frequency
and momentum integration as well as δ1234 := δ(1−2+3−4).
The momenta are integrated over the full first Brillouin zone
(FZ) of the square lattice and we limit ourselves to T = 0 for
the time being. Furthermore, the free propagator
PΛ = i ω · ϑ−1Λ (11)
is equipped with the inverse multiplicative cutoff function ϑ−1Λ
which will be specified below.
Compared to the position-space ansatz of Ref. 1, drastic
simplifications have been made: the four-point function is re-
duced to one single running coupling JΛ independent of fre-
quency and momentum. The running of the two-point func-
tion is neglected. As a result, the unique projection rule for the
β function of the four-point function is particularly simple,
∂ΛJΛ(f
†
αfαf
†
βfβ)Ω = −
N
2
∂ΛΓ
sym,4f
Λ . (12)
Here, Ω is the space-time volume and Γsym,4fΛ is the four-
fermion sector of the effective average action or the Wetterich
equation, respectively. ∂ΛJΛ is then obtained by comparison
of coefficients. Furthermore, the projection rule is evaluated
for faα at vanishing frequencies and momenta, implemented
by f (†)aα = f
(†)
α δ(ωa)δ(ka). This simplifies the non-trivial mo-
mentum structure of the four-fermion sector.
Employing a fluctuation expansion of the Wetterich equa-
tion, the large-N β function can be extracted as
∂ΛJΛ = −J2Λ∂Λ
∫
ω
ϑ2v
(iω)2
= − J
2
Λ
piΛ2
. (13)
In order to arrive at the last identity in eq. (13), the cutoff
function ϑΛ had to be specified. Since we work at T = 0, we
employ a zero-temperature step function cutoff
ϑΛ = Θ(|ω| − Λ), ∂ΛϑΛ = −δ(|ω| − Λ). (14)
Eq. (13) can now be integrated directly, yielding
JΛ =
piΛ
piΛ− 1 . (15)
If not stated otherwise, the initial value will be set to
JΛ→ΛUV→∞ = 1 for convenience. The breakdown of the
flow at Λsb = pi−1 indicates the onset of spontaneous sym-
metry breaking.
Since the cut-off frequency integral can be interpreted as
an approximation to a Matsubara sum, it is possible to iden-
tify the symmetry breaking scale Λsb with a critical tempera-
ture17. This identification can, at least in the symmetric phase,
be used to calculate observables such as the magnetic suscep-
tibility. The precise conversion factor, however, may depend
on the structure of the β-function and should therefore be de-
termined case by case, see below.
The mean-field results, cf. Fig. 1, we want to compare
to are obtained with the fermion number constraint released
completely. Thus, we can also perform an FRG calculation at
finite fermion Matsubara temperature. In order to do so, we
5~
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j,  j, 
j,↵ j,↵ j,↵
ij,  
ji,  
FIG. 2. Generation of new vertex structure. Diagrammatic repre-
sentation of the process responsible for the generation of the vertex
in Eq. (20) out of the original spin interaction ∝ JΛ (left vertex).
Due to non-locality of the fermion propagator for finite QΛ→∞, cf.
Eq. (18), the vertex in Eq. (20) receives finite contributions during
the flow, due to loop contributions represented by the diagram in the
middle of the figure. Therefore, a finite vertex, Eq. (20), is generated
(right vertex), which has to be taken into account in the RG flow.
have to choose a different cutoff function, since Eq. (14) is ill
defined for discrete frequencies. Instead, we can use a cutoff
proposed in Ref. 47, given by
ϑΛ =

0 |ωn| < Λ− piT
1
2 +
|ωn|−Λ
2piT Λ− piT ≤ |ωn| ≤ Λ + piT
1 Λ + piT ≤ |ωn|
. (16)
The scale derivative of the cutoff, ∂ΛϑΛ, selects only two Mat-
subara frequencies ωn = ±piT
(
2
⌊
Λ
2piT
⌋
+ 1
)
for each partic-
ular Λ almost everywhere, except for discrete points where it
jumps. Here, bxc is our notation for the floor operation on x.
The β-function is then given by
∂ΛJΛ = − J
2
Λ
pi3T 2
(
2 + 2
⌊
Λ
2piT
⌋− ΛpiT )(
2
⌊
Λ
2piT
⌋
+ 1
)2 . (17)
The r.h.s. of this equation is not continuous and we solve it
numerically. We find that for T < 14 , the flow of JΛ diverges
at a finite scale Λdiv, indicating the onset of spontaneous sym-
metry breaking. This value for the critical temperature agrees
with the mean-field findings35 from Sec. II. We therefore de-
termine the conversion factor between RG scale and temper-
ature in this case to be Λstop = 4piT . Here, Λstop is the scale
where the flow has been stopped. This may be due to a diver-
gence during the flow or deliberately for the computation of
observables. For the latter case, the correspondence between
Λ and T is assumed to hold in general, see, e.g., Refs. 1 and
48 for a more detailed discussion. We will revisit this inter-
pretation of Λ in sec. IV A below.
IV. SYMMETRY BROKEN REGIME I: T=0
A. Spin-liquid channel
Let us now proceed further by exploiting the simplicity of
the momentum space approach and venture into the regime
of spontaneously broken symmetry. In Ref. 33, an FRG
framework was developed for the reduced BCS model which
achieves precisely that. We will demonstrate its capabilities
directly for the square lattice antiferromagnet at hand. To that
end, we introduce the term
ΓesbΛ =
∫
τ
∑
〈ij〉
QΛ
[
f†iαfjα + f
†
jαfiα
]
, (18)
into the ansatz for the effective average action ΓsbΛ = Γ
sym
Λ +
ΓesbΛ which breaks the local U(1) symmetry explicitly. Im-
portantly, ΓesbΛ is not introduced by means of a Hubbard-
Stratonovich transformation. The four-fermion interaction
term ∝ JΛ is present in ΓsbΛ and unaltered with respect to
ΓsymΛ . In the limit QΛ→∞ = 0, the symmetric ansatz from
Eq. (10) is recovered.
For any finite QΛ→∞, the term ΓesbΛ effectively becomes
a contribution to the two-point correlation function or self-
energy. Building on Ref. 33, it was shown in Ref. 1 that a trun-
cation of ΓΛ including terms up to fourth order in the fermion
fields and involving Katanin’s improvement scheme49, the
self-consistent gap equation for the order parameter can be
reproduced exactly from the RG flow equations. Since QΛ is
effectively nonlocal in space, the considerations from Ref. 1
are directly applicable. We can therefore expect, thatQΛ→0 =
Qmf(T = 0), thus reproducing the mean-field result for the
magnitude of the order parameter from Sec. II. Furthermore,
the presence of a finite QΛ is expected to regularize the finite-
Λ divergence of the running fermionic coupling(s) due to
spontaneous symmetry breaking: since the symmetry is al-
ready broken explicitly, no non-analytic behavior can occur.
With respect to the quartic fermion sector of the simplified
ansatz in Eq. (10), there is a subtlety to be considered. By
introducing the self-energy term, Eq. (18), the fermion propa-
gator becomes effectively nonlocal (bilocal) in position space.
However, the simplified ansatz ΓsymΛ + Γ
esb
Λ does not fully ac-
count for this so far. In particular, the process depicted in
Fig. 2 contributes to leading order at large N and generates
the new vertex structure
ΓIΛΛ =
IΛ
N
∫
τ
∑
〈ij〉
f†iαfjαf
†
iβfjβ (19)
=
IΛ
N
∫
1...4∈FZ
f†1αf2αf
†
3βf4β
[
cos(k2,x + k4,x)
+ cos(k2,y + k4,y)
]
δ1234 . (20)
Comparing the momentum space vertices in Eqs. (10)
and (20), it becomes clear that their only difference is pro-
vided by the momentum structure itself. The projection onto
specific momentum structures is rather cumbersome and we
therefore follow a different path here: The lattice geome-
try and symmetry of the Heisenberg interaction, cf. Eq. (1),
permit a partition of the original square lattice into two sub-
lattices35 A and B. Making this partition explicit by intro-
ducing spinors Ψ†1,α = (f
†,A
1,α , f
†,B
1,α ), a new 2 × 2 sublattice
space is created, parametrized by the matrices 1, σx/y/z or
σ± = 12 (σx ± iσy), respectively. The full momentum space
ansatz for the effective average action is then given by
6ΓΛ =
∫
1∈LZ
{
iω1
(
Ψ†1α1Ψ1α
)
+ 2QΛ
(
Ψ†1ασxΨ1α
)
[cos(kx) + cos(ky)]
}
− 2JΛ
N
∫
1...4∈LZ
(
Ψ†1ασ+Ψ2α
)(
Ψ†3βσ−Ψ4β
)
[cos(k2,x − k3,x) + cos(k2,y − k3,y)] δ1234
− IΛ
N
∫
1...4∈LZ
(
Ψ†1ασ+Ψ2α
)(
Ψ†3ασ+Ψ4α
)
[cos(k2,x + k4,x) + cos(k2,y + k4,y)] δ1234
− IΛ
N
∫
1...4∈LZ
(
Ψ†1ασ−Ψ2α
)(
Ψ†3ασ−Ψ4α
)
[cos(k1,x + k3,x) + cos(k1,y + k3,y)] δ1234 ,
(21)
where LZ in Eq. (21) denotes the first Brillouin zone of either
one of these two sublattices (“little zone”).
By means of the sublattice ansatz, the two vertices ∼ Jk
and ∼ Ik now become algebraically distinguishable due to
their different structure in sublattice space. The projection
rules for the running couplings are
(∂ΛQΛ)(Ψ
†
ασxΨα) =
1
4Ω
∂ΛΓ
σx
Λ , (22)
(∂ΛJΛ)(Ψ
†
ασ+Ψα)(Ψ
†
βσ−Ψβ) = −
N
4Ω
∂ΛΓ
σ+σ−
Λ ,
(∂ΛIΛ)
[
(Ψ†ασ+Ψα)
2 + (Ψ†ασ−Ψα)
2
]
= − N
2Ω
∂ΛΓ
σ±σ±
Λ .
The actual flow equations can, again, be extracted by compar-
ison of coefficients.
A straightforward calculation, cf. App. A, now leads to the
respective β functions. More conveniently, considering
XΛ = JΛ + IΛ, YΛ = JΛ − IΛ, (23)
instead of the original couplings, the flow equations for XΛ
and YΛ decouple. This greatly simplifies further analyses, in
particular, as the flow ofQΛ is independent of YΛ as well. The
β functions are finally given by
∂ΛQΛ = −XΛ
pi
∫
p∈FZ
QΛα
2
4Q2Λα
2 + Λ2
, (24)
∂ΛXΛ =
X2Λ
pi
∫
p∈FZ
4α2
Q2Λα
2 − Λ(∂ΛQ2Λ)α2 − Λ
2
4
[4Q2Λα
2 + Λ2]
2 , (25)
and
∂ΛYΛ =
Y 2Λ
pi
∫
p∈FZ
{
Λα2(∂ΛQΛ)
QΛ [4Q2Λα
2 + Λ2]
− 4Q
2
Λα
4 + Λ2α2
[4Q2Λα
2 + Λ2]
2
+
α(∂ΛQΛ)
2Q2Λ
[
arctan
(
Λ
2QΛα
)
− pi
2
]}
, (26)
where α ≡ | cos px+cos py|. Note that Katanin corrections to
the running of the four-fermion couplings have been included,
cf. App. A. Eqs. (24) and (25) can now be solved by standard
numerical techniques50. In Fig. 3, the results for the order
parameter QΛ, converted into Q(T ), are shown for different
initial values QΛ→∞ and compared to the mean-field result
for ϕ = 0, cf. Fig. 1.
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FIG. 3. Comparison of the pf-FRG order parameter magnitude for
different initial values QΛ→∞ to the mean-field result Qmf , assum-
ing the conversion between temperature and RG scale, Λstop = 4piT .
For QΛ→∞ → 0, the results for Tc as well as Q(T = 0)
converge towards the mean-field result as expected. The re-
production of the critical temperature hereby serves as a sanity
check, since the reduced system, Eq. (13), already provided
this feature. The correct magnitude of the order parameter at
vanishing temperature ensures that the interpretation ofQΛ as
order parameter is meaningful.
Interestingly, the simple linear correspondence between
temperature and RG scale does not hold in the symmetry bro-
ken regime anymore. As apparent from Fig. 3, the approach
of QΛ→0 follows a different law compared to Qmf(T → 0).
A similar result has previously been found by the authors of
Ref. 51 with respect to a charge density wave ordered system.
In order to understand this behavior, we again have to think of
the correspondence between Λ and T as being due to a simple
integral approximation of the Matsubara sum. This works in
the symmetric phase but breaks down in the symmetry bro-
ken regime. The relation may be rendered nonlinear inside
the ordered phase due to the presence of the non-trivially Λ-
dependent coupling QΛ in the fermionic propagator.
This finding is important for the interpretation of finite-
temperature observables obtained from a zero temperature pf-
FRG analysis. As long as symmetries are asymptotically pre-
served (i.e. for QΛ→∞ → 0), a simple correspondence can
be found. As soon as spontaneous symmetry breaking occurs,
however, a linear interpretation of Λ as an effective tempera-
7ture is not possible anymore. Reliable values for finite tem-
perature observables such as, e.g., the magnetic susceptibility,
can only be recovered by employing true Matsubara frequen-
cies and adapted cutoff functions ϑΛ such as Eq. (16). We
come back to this point in more detail in Sec. V.
There is another detail of the results presented in Fig. 3
that deserves attention. Comparing free energies, the mean
field calculation shows that the phase with ϕ = 0 is not the
true ground state, but rather the one with ϕ = pi2 . Techni-
cally, our RG analysis has therefore not brought us into a true
spin liquid phase but rather into a BZA resonating valence
bond phase. This is understood as follows: Both BZA and
staggered-flux spin liquid phases are characterized by sponta-
neous breaking of the local U(1) symmetry of the fermions.
They even share the same critical temperature. The additional
breakdown of lattice-translational invariance and/or isotropy
associated with the spin liquid cannot be represented in the
stripped-down ansatz, Eq. (21). The possibility of transla-
tion symmetry breaking could be implemented by the inclu-
sion of nontrivial momentum dependencies12,13 of QΛ, JΛ, IΛ
into our scheme52.
Besides the possibility to fine-grain the momentum struc-
ture of couplings in the present approach, once real space pf-
FRG schemes are developed which are able to efficiently deal
with explicitly broken local symmetries, this problem will au-
tomatically be overcome by the very nature of the position
space ansatz and its inherent structural complexity. For now,
we leave this to future work. The goal of the present approach
is, instead, to efficiently probe, identify and characterize the
mechanism driving the general behavior of the system with
respect to its symmetries.
B. Magnetic channel
One of the main reasons to employ pf-FRG directly, instead
of a bosonized flow is the unbiased nature of the former. In
a fully momentum and frequency dependent pf-FRG scheme,
the structure of the four-Fermi vertex can faithfully monitor
the evolution of complicated and even competing ordering
processes53–56. In contrast, a Hubbard-Stratonovich transfor-
mation at the UV scale essentially focuses on one particular
channel. Spontaneous symmetry breaking in a different one
may go completely unnoticed and a possible competition be-
tween channels may be lost, at least partially, unless other
Hubbard-Stratonovich fields are additionally considered57,58.
The present ansatz of introducing a small symmetry break-
ing initial condition combines the advantages of both ap-
proaches. Access to the symmetry broken regime is provided
just as in the bosonized system. Of course, a specific choice
for the structure of the symmetry breaking terms ΓesbΛ has to
be made. When the full frequency and momentum structure of
the fermion vertex are maintained, peculiarities of competing
orders are still visible there. Moreover, in case ΓesbΛ represents
the wrong channel altogether, it fails to regularize the diver-
gence of the fermion vertex function at finite scales. In fact,
a divergence in the vertex despite the presence of an explic-
itly symmetry breaking term in the ansatz is therefore a very
strong hint towards ordering in a different channel. One can
then further explore the situation by including more/different
symmetry breaking terms until the decisive one is found. In
this sense, the unbiased nature of the fermionic flow is largely
kept, while access to symmetry broken phases is provided
nonetheless.
To illustrate this point, we investigate another potential
symmetry breaking channel of the model in Eq. (1). If the sys-
tem would develop any kind of long-range magnetic ordering,
the global SU(N) symmetry would be spontaneously broken.
In order to check whether this happens, a corresponding initial
condition is devised instead of Eq. (18), reading
ΓesbΛ =
∫
τ
∑
i,αβ
MΛf
†
iαfiβ . (27)
Since it is spatially homogeneous, the ansatz in Eq. (27) re-
spects local U(1) symmetry but breaks global SU(N) as it is
not a spin singlet. A straightforward calculation analogous
to the spin-liquid case yields the flow equations for JΛ and
MΛ, see App. A for details. For any finite N , they are rather
complicated, in particular since new spin structures such as
f†αfαf
†
βfγ or f
†
αfβf
†
γfδ for the quartic interaction terms are
generated. When considering N → ∞, however, these new
structures are suppressed and we find
∂ΛMΛ = 0, ∂ΛJΛ = −J2Λ∂Λ
∫
ω
ϑ2v
(iω)2
. (28)
Any corrections to these remaining flow equations are of order
1/N . Due to the vanishing of its flow, cf. Eq. (28), the mag-
netization MΛ does not grow beyond its initial value. Fur-
thermore, since the flow equation of JΛ is identical to the
symmetric result, Eq. (13), the divergence at Λsb still occurs,
prohibiting access to the infrared regime. As expected, it can
be concluded that the ansatz in Eq. (27) does not capture the
correct symmetry breaking pattern.
Summarizing, our minimalistic momentum-space approach
is able to identify the correct ordering channel among a few
physically motivated, reasonable choices. It does not yet al-
low to resolve the momentum- or position-space structure in
this ordering channel.
V. SYMMETRY BROKEN REGIME II: T > 0
The results of Sec. IV are of limited use only, as long as
finite temperature observables cannot be extracted reliably.
There are two obstacles to be overcome: The first is to ex-
tend the analysis to a true finite temperature description for
the fermionic fields. If this is achieved, the second one is how
to deal with the fermion number constraint which has been
ignored almost completely, so far.
A. Observables at finite T
Let us begin with setting up a finite temperature description.
Since the number constraint is effectively removed from the
8mean-field calculation of Sec. II, anyway, we will be able to
compare results directly. On a formal level, the only thing
that needs to be done is implementing the finite-temperature
cutoff, Eq. (16), and compactifying the imaginary time axis
with circumference β = 1T . Ignoring the flow of YΛ as being
of minor importance for the observables to be considered, the
flow equations are then given by
∂ΛQΛ = −XΛ
2
∫
p∈FZ
piT 2QΛα
2 ω˜2Λϑ˜Λ[
4Q2Λα
2ϑ˜2Λ + pi
2T 2ω˜2Λ
]2 , (29a)
∂ΛXΛ = X
2
Λ
∫
p∈FZ
α2
[
12pi2T 2ω˜2Λϑ˜
3
ΛQ
2
Λα
2 − pi4T 4ω˜4Λϑ˜Λ
pi
[
4Q2Λα
2ϑ˜2Λ + pi
2T 2ω˜2Λ
]3
−
∑
n
4QΛω
2
nϑ
4
Λα
2 − 16ϑ6ΛQ3Λα4
[4ϑ2ΛQ
2
kα
2 + ω2n]
3 ∂ΛQΛ
]
. (29b)
For conciseness, we introduced ω˜Λ =
(
2
⌊
Λ
2piT
⌋
+ 1
)
and
ϑ˜Λ =
(
1 +
⌊
Λ
2piT
⌋− Λ2piT ). For the largest part, the Mat-
subara sum was reduced to two terms and could thus be per-
formed analytically. The summands of the Katanin contribu-
tion which appear in the last summand in Eq. (29b) come with
a factor ∂ΛQΛ instead of ∂ΛϑΛ. Therefore, they do not expe-
rience this reduction and the Matsubara sum can not be per-
formed analytically. This statement also holds for a smoothed
version of the cutoff in Eq. (16) due to its singularity structure
in the complex plane. A numerical evaluation of Eqs. (29) is
therefore much more costly as compared to the T = 0 system.
Due to the overall simplicity, though, the absolute cost is still
rather small. Moreover, in case momentum and frequency de-
pendence of the vertex functions is to be included in future
work, analytic integration cannot be done in the T = 0 case
either. So, there is no true increase in numerical cost due to
the use of the finite-T cutoff.
As expected, the evaluation of Eqs. (29) yields agreement
with the mean-field results at percent level already forO(100)
Matsubara frequencies, as exhibited in Figs. 4 and 5. This
demonstrates the viability of the approach.
B. Popov-Fedotov constraint
One of the main reasons to employ T = 0 flows in previ-
ous pf-FRG approaches and to recover finite temperature re-
sults by the correspondence between Λ and T is the fact that
the fermion number constraint is exactly fulfilled at vanishing
temperature59. When introducing actual finite fermion tem-
peratures, unphysical states are populated which are not part
of the original spin system but rather of the auxiliary fermion
description, cf. Eq. (2). Thus, the results from Sec. V A are
not necessarily solutions of the original spin model. There are
different possibilities to implement the number constraint on
the level of the path integral:
(1) A new field λ is introduced and coupled to the fermion
density. This generates a functional delta function enforcing
the constraint, cf. Sec. II. However, the saddle-point solution
λ = 0 puts this mechanism out of action. In the pf-FRG,
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FIG. 4. Convergence of the finite-T pf-FRG order parameter mag-
nitude from for different initial values QΛ→∞ to the mean field re-
sult Qmf for 100 Matsubara frequencies. For QΛ→∞ = 10−5, the
pf-FRG results are practically indistinguishable from the direct mean
field values. Slight wiggling is caused by numerical imprecision due
to the truncated Matsubara sum.
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FIG. 5. Convergence of the finite-T pf-FRG magnetic susceptibil-
ity for different initial valuesQΛ→∞ to the mean field result χmf for
100 Matsubara frequencies.
Eq. (4) effectively represents a Yukawa interaction term be-
tween the constraint field λ and the fermions. Higher-order
contributions will be generated which would have to be taken
into account complicating a systematic analysis. We therefore
refrain from pursuing this approach.
(2) Alternatively, the constraint can be implemented by
means of an imaginary chemical potential µppv = ipiT2 for
SU(2), according to Popov and Fedotov59. It can be shown
that the presence of such an object in the Hamiltonian can-
cels the unphysical states out of the partition function or any
expectation values of (physical) observables60. Generaliza-
tions to different representations of SU(N) and higher spin
S have been suggested in the literature61. This construction
justifies the ignorance of the fermion number constraint in the
T = 0 case where µppv = 0. However, it also casts a shade of
9doubt on the finite temperature interpretation of flows stopped
at some Λstop, as there is no way to implement the constraint
for these.
An additional advantage of the finite-temperature regular-
ization scheme, Eq. (16), is that the implementation of Popov-
Fedotov-type constraints by means of an imaginary chemical
potential becomes feasible. For any finite N , the correspond-
ing µppv may be introduced, explicitly. To illustrate the sim-
plicity of their treatment, let us consider flow equations for
the case N = 2. Provided a system of β functions for two-
and four-point functions, ∂ΛQΛ and ∂ΛXΛ, respectively, the
modified RG equations are given by
∂ΛQ
ppv
Λ =
∂ΛQΛ
2
∣∣∣∣
ω˜k=ω˜k,1
+
∂ΛQΛ
2
∣∣∣∣
ω˜k=ω˜k,2
, (30a)
∂ΛX
ppv
Λ =
∂ΛXΛ
2
∣∣∣∣ω˜k=ω˜k,1
ωn=ω
µ
n
+
∂ΛXΛ
2
∣∣∣∣ω˜k=ω˜k,2
ωn=ω
µ
n
, (30b)
were ω˜k,1 =
(
2
⌊
k
2piT
⌋
+ 32
)
, ω˜k,2 =
(
2
⌊
k
2piT
⌋
+ 12
)
and
ωµn = ωn + µ
ppv. At least for small and finite N an ex-
act treatment of the number constraint is thus easily achieved.
The limit N → ∞ is more involved as a continuous distri-
bution of imaginary chemical potentials must be employed61.
We therefore leave an application to the present system for
future work.
VI. CONCLUSIONS
To summarize, we have introduced a generalized pf-FRG
approach that allows us to access the low-temperature physics
of SU(N) Heisenberg models, both in the symmetric and
symmetry broken regimes. For the square lattice SU(N)
Heisenberg model we calculated the order parameter and
magnetic susceptibility in the large-N limit for arbitrary tem-
peratures, which we carefully compared to established results.
We found that the commonly employed linear correspondence
between the RG parameter Λ and temperature T does not hold
anymore in the symmetry broken regime. Introducing a finite-
T regularization, we overcome the inability of the T = 0
pf-FRG approach to correctly predict finite temperature ob-
servables for any system that exhibits spontaneous symmetry
breaking. An additional decisive feature of our approach is
the introduction of a symmetry-breaking term which by itself
induces only a minimal bias, as opposed to the common strat-
egy of a single-channel Hubbard-Stratonovich transformation
in the fermion interaction. In order to illustrate this, we an-
alyzed another symmetry-breaking initial condition, breaking
the global SU(N) instead of the local U(1) symmetry. In-
deed, we found that the fermionic divergence is not regular-
ized in this case, confirming that an inappropriate choice of
symmetry breaking initial condition does not bias the inves-
tigation. We also devised a strategy to properly handle the
fermion number constraint at finite temperatures, supplement-
ing the action by a Popov-Fedotov-type59 imaginary chemical
potential. Within this framework, fulfilling the constraint ex-
actly is easy forN = 2 and we leave the generalization of this
procedure to arbitrary N for future work.
The technical developments presented in this manuscript
and its companion paper [1] set the stage for future investiga-
tions of spin liquid physics within the pf-FRG approach. As a
general strategy, we suggest a two-step scheme to investigate
a model of interest: (1) Quick determination of the symmetry-
breaking properties by the maximally stripped-down pf-FRG
approach presented here. While this gives a strong hint on
the leading physical instability, this simplified approach may
not resolve more subtle aspects of the spin liquid phase (as we
have seen for the spatio-temporal structure of the order param-
eter in the case study of the manuscript at hand). (2) In-depth
analysis of the identified channel by means of fine grained po-
sition or momentum space pf-FRG, as developed in our com-
panion manuscript, to resolve the fine-print of particular spin
liquid phases.
A future challenge will be to fully incorporate gauge de-
grees of freedom into the pf-FRG approach. To do so,
we expect to strongly benefit from the simplicity of the
stripped-down, momentum-space approach developed in this
manuscript. This will open up the possibility to directly link
the emergent gauge theory description of spin liquid ground
states to their parent lattice spin models.
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Appendix A: Flow equations for the symmetry-broken regime
In the following, we provide details of the computation
leading to the flow Eqs. (24), (25) and (26). After having de-
rived those, we consider the limit QΛ→∞ → 0 to reproduce
the symmetric flow Eq. (13). The starting point is the ansatz
in Eq. (21) for the effective average action. In order to be able
to explicitly evaluate the projection rules, Eqs. (22), the r.h.s.
of the Wetterich Eq. (9) will be expanded as
∂ΛΓΛ = C +
1
2
∂˜ΛSTr
∞∑
n=1
(−1)n+1
n
[P−1Λ FΛ]n . (A1)
Here, C comprises field-independent and bilinear terms that
will not be important for our considerations and ∂˜Λ is a scale
derivative that acts on the Λ dependence of the cutoff function,
only. While P−1Λ is the usual regulated propagator, FΛ is the
field-dependent contribution to the second functional deriva-
tive of ΓΛ. While the flow equation for QΛ is extracted from
the n = 1 term of Eq. (A1), the flow of the quartic couplings
Ik and Jk is encoded in the n = 2 contribution.
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Performing the functional derivative and applying the
single-mode projection Ψ(†)aα = Ψ
(†)
α δ(ωa)δ(pa) yields
P−1Λ = −
δγδδ(ω − ν)δ(p− q)
ω2 + 4ϑ2ΛQ
2
Λα˜
2
(
0 −P ∗f
Pf 0
)
, (A2)
where Pf = iωϑΛ1+2QΛα˜ϑ2Λσx and α˜ = cos(px)+cos(py)
and α = |α˜|. Further
FΛ = 2α˜
N
δγδδ(ω − ν)δ(p− q)
(
0 OV
−OV 0
)
, (A3)
with OV = OI +OJ and
OI = IΛ
[
σ+(Ψ†ασ
+Ψα) + σ
−(Ψ†ασ
−Ψα)
]
OJ = JΛ
[
σ+(Ψ†ασ
−Ψα) + (Ψ
†
ασ
+Ψα)σ
−] . (A4)
For FΛ, only leading order terms in N have been kept. Now
straightforward matrix multiplication yields
STr
[P−1Λ FΛ] = AΛΨ†ασxΨα (A5)
STr
[(P−1Λ FΛ)2] = BΛ [(Ψ†ασ+Ψα)2 + (Ψ†ασ−Ψα)2]
+ CΛ(Ψ
†
ασ
+Ψα)(Ψ
†
ασ
−Ψα). (A6)
Here, AΛ, BΛ and CΛ are the coefficients to be used in the
projections rules, Eqs. (22), to extract the flow equations. Ap-
plying the projection rules based on the expansion for ΓΛ,
Eq. (A1) directly results in flow equations that do not include
the Katanin improvement yet. In order to achieve this, it is
necessary to replace ∂˜Λ → ∂˜Λ + (∂ΛQΛ)∂QΛ for the projec-
tion on ∂ΛIΛ and ∂ΛJΛ. Taking this modification into account
the flow equations for the couplings are finally given by
∂ΛQΛ = − 1
2pi
∫
p∈FZ
QΛα
2(JΛ + IΛ)
4Q2Λα
2 + Λ2
, (A7a)
∂ΛIΛ =
1
pi
∫
p∈FZ
2Q2Λα
4(J2Λ + I
2
Λ)− Λ2α2JΛIΛ
[4Q2Λα
2 + Λ2]
2 −
∂ΛQΛ
2pi
∫
p∈FZ
α
{
4ΛQΛα
3 J
2
Λ + I
2
Λ + 2JΛIΛ
[4α2Q2Λ + Λ
2]
2 (A7b)
+
Λα
2QΛ
J2Λ + I
2
Λ − 2JΛIΛ
[4α2Q2Λ + Λ
2]
+
J2Λ + I
2
Λ − 2JΛIΛ
4Q2Λ
[
arctan
(
Λ
2αQΛ
)
− pi
2
]}
,
∂ΛJΛ =
1
2pi
∫
p∈FZ
8Q2Λα
4JΛIΛ − Λ2α2(J2Λ + I2Λ)
[4Q2Λα
2 + Λ2]
2 −
∂ΛQΛ
4pi
∫
p∈FZ
α
{
8ΛQΛα
3 J
2
Λ + I
2
Λ + 2JΛIΛ
[4α2Q2Λ + Λ
2]
2 (A7c)
− Λα
QΛ
J2Λ + I
2
Λ − 2JΛIΛ
[4α2Q2Λ + Λ
2]
− J
2
Λ + I
2
Λ − 2JΛIΛ
2Q2Λ
[
arctan
(
Λ
2αQΛ
)
− pi
2
]}
.
The peculiar structure of the occurrence of IΛ and JΛ is
already indicative of the transformation XΛ = JΛ + IΛ,
YΛ = IΛ − JΛ. Indeed, performing this transformation, the
decoupled flow Eqs. (24), (25) and (26) are obtained.
Let us now consider the limit QΛ→∞ → 0. Since ∂ΛQΛ ∼
QΛ this yields QΛ = 0 throughout the flow. As the initial
value IΛ→∞ = 0, we have ∂ΛIΛ = 0, as well because the
corresponding β function, Eq. (A7b), contains only compo-
nents ∼ QΛ, ∼ ∂ΛQΛ and ∼ IΛ. Consequently, only
∂ΛJΛ = − 1
2pi
∫
p∈FZ
α2
I2Λ
Λ2
(A8)
persists, which is equivalent to the zero-temperature symmet-
ric flow Eq. (13) as it should be.
Appendix B: Gap equation from the RG flow
It can be proven quite generally that the mean field gap
equation can be derived from the Katanin-improved flow
equations1,33. Here, we will demonstrate this procedure for
our system. The derivation is particularly simple since neither
the fermionic couplings nor the self-energy contribution QΛ
retain any dependencies on momenta or frequencies. While
also serving as a sanity check for our results, this relation
nicely illustrates the influence of the regularization scheme.
Let us introduce a shorthand notation for the flow Eqs. (24)
and (25) reading
∂ΛQΛ ≡ XΛ∂˜ΛgΛ , ∂ΛXΛ ≡ −X2Λ∂ΛfΛ. (B1)
For Eq. (B1), there is an exact (albeit implicit) solution,
XΛ = X∞ −X∞XΛfΛ. (B2)
Plugging Eq. (B2) into the second identity in Eq. (B1),
∂ΛQΛ = X∞∂˜ΛgΛ −X∞(XΛ∂˜ΛgΛ)fΛ
= X∞∂˜ΛgΛ −X∞(∂ΛQΛ)fΛ .
(B3)
Conveniently, it holds that ∂QΛgΛ = −fΛ and therefore
∂˜ΛgΛ − (∂ΛQΛ)fΛ = ∂˜ΛgΛ + (∂ΛQΛ)∂QΛgΛ = ∂ΛgΛ.
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Finally, we obtain
∂ΛQΛ = X∞∂ΛgΛ. (B4)
Since the left and right hand sides of Eq. (B4) are total deriva-
tives, the differential equation can be integrated directly,
Q0 −Q∞ = X∞(g0 − g∞) Q∞→0=⇒ Q0 = X∞g0. (B5)
For the last step, it has been assumed that the explicitly sym-
metry breaking initial condition QΛ has been sent to zero.
Since gΛ ∼ QΛ, it is gΛ = 0 as well. Notice furthermore
that ϑ0 = 1 almost everywhere. Eq. (B5) is the well-known
mean-field gap equation.
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